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1.

Review definitions of displacements, stresses, strains, and
strain energy.

Develop stress—strain relationships for different types of
materials.

Develop stress—strain relationships for a unidirectional (UD)
lamina.

Find the engineering constants of a UD lamina in terms of
the stiffness and compliance parameters of the lamina.

Develop stress—strain relationships, elastic moduli,
strengths, and thermal and moisture expansion coefficients
of an angle lamina based on those of a UD lamina.

Study strength failure theories for an angle lamina.
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2.4. Hooke's Law for a 2D Angle Lamina

2.5. Engineering Constants of an Angle Lamina
2.6. Strength Failure Theories of an Angle Lamina
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2.1. Review of Definitions

A lamina is a thin layer of a composite material that is
generally of a thickness on the order of 0.005 in. (0.125
mm). A laminate is constructed by stacking a number of

such laminae in the direction of the lamina thickness.

p N
N AEC L

Matrix Laminate
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2.1. Review of Definitions

Stresses
Normal stress
AP
o, = lim ,
AA—0 AA
Shear stress Arbitrary plane \
AP
AP,
AP,
7. = lim , N
AA—0 AA n
AA

Stresses on infinitesimal area on an arbitrary plane
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2.1. Review of Definitions

Normal stress

AP,
Ox T jiso AA
Shear stresses
APy
Ty = hm—,
AA—0 AA
. AP,
= |im

(3%
A0 AA
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Stresses

Cross-section

Forces on an infinitesimal area on the y-z plane
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2.1. Review of Definitions

Stresses

Normal stresses:

0,:10,,0, . %1
: T ) zZ
Shear stresses: T T,
T“| c
x| .
Tyyr Ty Tyz o e J_Gy
- )r L[ y
X X Tw.
TZY’TZX’TXZ R
7 «T .
. oy . /f Tz}'*_ n - X
Static equilibrium % |0,
Txy — Tyx:s .
_ Stresses acting on a volume element
Tyz — Tzy» (an infinitesimal cuboid)
Txx — Txz
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2.1. Review of Definitions

Displacements |
u = u(x,y,z): displacement in x-direction o
at point (x.y.2), - ] N'Z{ _______ §
v = v(x,y,2): displacement in y-direction - e T
at point (x,y,2), \ g’
w = w(x,y,z): displacement in z-direction =
at point (x,y,z L leg I |go.E
¥ ( y ) A ..-"\ 8.
A P
Strains A
Normal strains Normal and shear strains onan
E..E & infinitesimal area in the x-y plane
oY _ i AB-AB . AD'-AD
Shear strains ExT o AB 8 a0 AD
YXy’sz 1Y 2x Yy — 01 + 6,
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2.1. Review of Definitions
A'B’' - AB

Normal strain: ¢,= lim ,
AB—0 AB

Where: AB=AX,
A'B = \/(A'p')z +(B'P')’ = \/[Ax +u(X+ AX,y) —u(X, y)]2 +[v(X+AX,Y) - v(X, y)]2 ,

Substituting
2 2 1/2
+ ; + _
. = Iim{[l+ u(x+ 4x, y) u(x,y)} _I_[v(x Ax, y) v(x,y)}} 1

Ax Ax

ul (vl
— o[22
OX OX

N

AX—0

ou

&<<1 — . . au
L= —

?<<1 —> OX

X
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2.1. Review of Definitions
A'D’- AD

Normal strain: g, = lim D
AD—0

Where: AD=Ay
AD' = J(AQ') + QD)= 4y + v(xy +4,) —v(xy)T +u(xy +4,)- u(xy)T.
Similarly, substituting

i T vy ) ol | [ty + an -uen Tl
& Ay Ay

— —11/2

— o[ 5] -(5]

Ay—0

— << — av

Ey — —
Ny — ’ oy
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2.1. Review of Definitions

Shear strain: Yy — O T 0
: - P’B’ - 'D’
Where 0,= lim | g,= lim Q’ -
AB—0 A'P’ AD—0 ATQ)
P'B'=v(x+ 4x, ) -v(x, y), QD '=u(x,y+Ay)-u(x,y),
AP’ =u(x+ AX,y)+ Ax - u(x, y) AQ'=V(X, y +Ay)+Ay - v(X, Y)

Substituting

V(X+ AX,Y) - V(X,Y) u(x,y +Ay)-u(xy)

y. = lim AX N Ay
7Aoo U(X+HAXY) +AX-U(XY) V(XY +AY)+ Ay - v(X,Y)

LAX/ Ay

@ 8_u o <<l1
N S oy > ox ) = oV . ou
Xy —_— w— -
L LA x oy
OX oy oy
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2.1. Review of Definitions

Strains
- _Ov oW B 8W ou oW
Similarly y,, = E + E, VY = @ a 8223_
X Z Z
Normal strains Shear strains
_ou ) = 8v ou
£, = — —

"X Y 8x oy

— @ 8\/ 8W

gy 8}/ yyz T
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2.1. Review of Definitions

Strain Energy

Energy is defined as the capacity to do
work. In a deformable elastic body under
external loads, the work done by external
loads is stored as recoverable strain
energy. For linearly elastic materials,
strain energy is:

W = 1Vc)'g;
2

Load-Deflection Curve

—_

Force {Load)

elastic limit

applied +—
force

strain energy

|~

deflection from Ceflection
applied force

o IS stress, ¢ Is strain, V is volume
The strain energy stored in the body per unit volume is then defined as

1
WZE(O_X5X+O_y5y+Uzgz+Txy 7/Xy+Ty27/yz+TZX7/zx)
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@ 2.2. Hooke's Law for Different Types of Materials

Generalized Hooke’s Law: the most general linear relation among all the
components of the stress and strain tensor:

0 = Cija s 1, 1K1 =1..3

ij
C,is are the components of the fourth-order stiffness tensor of material
properties or Elastic moduli. The fourth-order stiffness tensor has 81 and
16 components for 3D and 2D problems, respectively.

Symmetries of the stiffness tensor:
The stiffness tensor has the following minor symmetries which result from
the symmetry of the stress tensors.

0; =05 = Gy =Ci
This reduces the number of material constants from81=3x3x3x3 >
54 =6 x 3 x 3. In a similar fashion we can make use of the symmetry of the
strain tensors:

&; = &5 = Cyy =Cyy

This further reduces the number of material constants to 36 = 6 x 6.
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@ 2.2. Hooke's Law for Different Types of Materials

Engineering or Voigt notation

Since the tensor notation is already
lost in the matrix notation, therefore
we might give indices to all the
components that make more sense
for matrix operation. The general
stress—strain relation for a 3D body
in a 1-2—-3 orthogonal Cartesian
coordinate system is:

Stiffness matrix [C] has
36 constants

OR

Compliance matrix [S]
has 36 constants

o1

0?2

03

723

731

| T12_]

&1
&2
€3
V23

V31

| V12

Cu
Ca
Ca
Cu
Cs
Ca

Su
Sa
Sa1
Sa
Ss1
Se1

Cu
Ca
Ca
Ca
Cs2
Ce2

S12
S22
S32
Sa
Ss2
Se2

Cis
Ca
Cas
Cas
Css
Coes

Si3
Sas
Sa3
Sa
Ss3
Ses

Cua
Co
Cas
Cu
Css
Cos

S1a
Sas
Sas
Sas
Ss4
Se4

Cis
Cos
Css
Cus
Css
Coes

Sis
Sas
S3s
Sas
Sss
Ses

Cise
Cas
Cass
Cus
Cse

C66_

Si1e
Sa6
S36
Sas
Sse

S 66_|

e

&2
€3
V23
Va1

_Vlzj

01
0?2
03
723

731

| T12_

(2.2.1)

(2.2.2)
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@ 2.2. Hooke's Law for Different Types of Materials

It can be shown that the 36 constants in Equation (2.2.1) actually reduce to 21
constants due to the symmetry of the stiffness matrix [C] as follows:
The stress—strain relationship (2.2.1) can also be written as

o, = ZC” g, i=1.6 [c]=[C][¢]

where, in a contracted notatlon, {04 — Ty O5 = T3 Og = Ty,

E4 = Vo3 €5 = V311 Eg— V1o

Substituting Hooke’s Iaw to the
strain ener oW oW
*w _zzc g6 = -C, and e

Because the differentiation does not necessarily need to be in either order,
Ci_ =C.
j ji

Therefore, only 21 independent elastic constants are in the general stiffness
matrix [C] of Equation (2.2.1). This also implies that only 21 independent
constants are in the general compliance matrix [S] of Equation (2.2.2).

6

& :;Sijaj , 1=1..6 [5]2[5][0]
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@ 2.2. Hooke's Law for Different Types of Materials

Anisotropic Materials

» The material that has 21 independent elastic constants at a point
is called an anisotropic material.

» However, many natural and synthetic materials do possess
material symmetry — that is, elastic properties are identical in
directions of symmetry because symmetry is present in the
internal structure. Fortunately, this symmetry reduces the
number of the independent elastic constants by zeroing out or
relating some of the constants within the 6 x 6 stiffness [C] and 6
x 6 compliance [S] matrices. This simplifies the Hooke’s law
relationships for various types of elastic symmetry.

» Independent elastic constants for various types of materials such
as monoclinic materials, orthotropic materials, and transversely
isotropic, and isotropic materials are presented as follows.
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@ 2.2. Hooke's Law for Different Types of Materials

Monoclinic Materials

If, in one plane of material symmetry (see figure below), for example, direction 3
is normal to the plane of material symmetry, then the stiffness matrix reduces to

(Cu Cu Cu 0 0 C, t3
Co Cxn Cu 0 0 C, 22

=
[C]: C13 C23 C33 0 0 C35 | /I=J
0 0 0 Cu Cg O e

0 0 0 C, Cs O

N

Cis G G 0 0 Co_ Transformation of coordinate axes
Cuu=0, Cs=0, Cx=0, Cx=0, for 1-2 plane of symmetry for a
Cu=0, Cxx=0, Css=0, C5,=0 monoclinic material.

The direction perpendicular to the plane of symmetry is called the principal
direction. Note that there are 13 independent elastic constants.

Minerals that form in the monoclinic system include azurite, brazilianite, crocoite,
datolite, diopside, jadeite, lazulite, malachite, orthoclase feldspars.
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@ 2.2. Hooke's Law for Different Types of Materials

Monoclinic Materials

o

The compliance matrix correspondingly reduces to

S S S 0 0 Sy
Sz S» Sz 0 0 Sy
[S] Si; Sz Sa 0 0 Sy
0 0 0 Su Sp 0
0 0 0 S, S O
| Si5 Sy Oz 0 0 Se
Apply a normal stress, o,, to the element. Then using
the Hooke’s law Equation (2.2.2) and the compliance whet|” %
matrix [S] for the monoclinic material, one gets \ ..
£ = 91303, &, = 9303, & = 93307, A'/I/

Deformation of a cubic element
made of monoclinic material.

Vs =07 73 =050 11, = 5305

Department of Applied Mechanics
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@ 2.2. Hooke's Law for Different Types of Materials

Orthotropic Materials

If a material has three mutually perpendicular planes of material symmetry,
then the stiffness matrix is given by
3 2
.

Cu Cp Cis 0 0 O
Ci Cx Cax 0O O 0
Cs Czx Cg 0 0 0
0
0

00O
00 O

00O
00O

Cl=l %

An orthotropic material include a single
lamina of continuous fiber arranged in

0 0 0 0 0 C66 a rectangular array
Cu=C15=C1=C2=C2%=C3=C3=C3%=Cs55=Cs=Cs=0

Three mutually perpendicular planes of material symmetry also imply
three mutually perpendicular planes of elastic symmetry. Note that 9
independent elastic constants are present.
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@ 2.2. Hooke's Law for Different Types of Materials

[S]Z S3 Sz Su O

0 0 0 Su
0 0 O O s
0 0 O O 0 s

Orthotropic Materials S I F
The compliance matrix reduces to D | C $3
'Sy S Sz 0 0 | H ............... E i
S12 S22 Sz 0 0 ‘B l B 3
0 "
0

o O O o o

Apply a normal stress, o, to the element. Then using
the Hooke’s law Equation (2.2.2) and the compliance

matrix [S] for the monoclinic material, one gets N B
g ;
& = 91303; &, =950, & = S350, . P .
0 0: 0 Deformation of a cubic element
Vs =Y Va1 =Y 7 =V made of orthotropic material.
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@ 2.2. Hooke's Law for Different Types of Materials

Orthotropic Materials

Engineering constants have been
defined as follows:

v" Three Young’s moduli, E,,

E,, and E;.
.

v" Six Poisson’s ratios, v,,, Vi3,
Vo1, V3 V3q, and vy, two for
each plane.

v" Three shear moduli, G,,,
G;,, and G,,, one for each
plane.

However, the six Poisson’s ratios

are not independent of each other.

&1

&2

&3

Department of Applied Mechanics
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0?2

03

723
731

| T12_|
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@ 2.2. Hooke's Law for Different Types of Materials

1-v,vs,
E,E.A
o1
Vo +Vo3Va
o2
E,E.A
03
V31 TVoVa
723
E,E.A
731 9
| T12. 9
i 0
where

Department of Applied Mechanics

Orthotropic Materials
Vor T VsVa Vi ViV 0
E,E.A E,E.A
1-vigvy  Vyp +VipVy 0
E E.A E E.A
Vi) T VoV 1-vvy 0
E,E.A E E,A
0 0 Gy
0 0 0
0 0 0

23

0 0
0 0
0 0
Ga 0
0 G|

Technical University of Liberec
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| V12 ]
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@ 2.2. Hooke's Law for Different Types of Materials

Transversely Isotropic Material

Consider a plane of material isotropy in one of the planes of an orthotropic
body. If direction 1 is normal to that plane (2—3) of isotropy, then the
stiffness matrix is given by

Cu Cp Cop 0 0 0 I3 ,_3 1 % 5 %%
Ciz C2 Cuz 0 0 0 250 cc)) P
o
C, Cxn Cux 0 0 0 8 g o>
[C]=| 0 0 0 caCy 0 O 9
2 A unidirectional lamina as a
0 0 0 0 Cs 0 transversely isotropic material with
i 0 0 0 0 0 Css fibers arranged in a square array.

Note the five independent elastic constants. An example of this is a thin
unidirectional lamina in which the fibers are arranged in a square array or
a hexagonal array.
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@ 2.2. Hooke's Law for Different Types of Materials

Transversely Isotropic Material

The compliance matrix reduces to

Suu Sz Sw2 O 0 O

S12 S22 S 0 0 ©
[S]: S, S Sz 0O 0 O _

0 0 0 2(5,,—5y 0 O

O 0 O 0 Sss O

0 0 O 0 0 S

Note that 5 independent elastic
constants (S;4, S15, Sy9, So3s Sss)
corresponding to (E;, E,, V5, Gy3, Gy5)
are present.
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1 Vo Vi 0
El El El

Vi, 1 Vg 0
El E2 EZ

Vi, Vs 1 0
El E2 E_Z

0 0 0 1

GZ3

0 0 0 0

0 0 0 0

E2

G..=
22(1+vy,)

)

12 |
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@ 2.2. Hooke's Law for Different Types of Materials

Isotropic Material

If all planes in an orthotropic body are identical, it is an isotropic material,
then, the stiffness matrix is given by

(Cu Cu Cu 0 0 0] [__EQ-v) vE vE 0 0 0
Cu Cu Cuo 0 0 0 (1-2v)(A+v) (@@-2v)1+v) (1-2v)(1+v)
C, Ci Cu 0 0 0 vE E(1-v) vE 0O 0 O
0 0 0 Cu-Cu 0 ol [@-2v)A+v) (1-2v)(1+v) (1-2v)(1+v)
[C]= R = vE vE E(1-v) 0 0 O
0O 0 0 0 Cu—Cop 0 (1-2v)(1+v) (1-2v)(1+v) (1-2v)(1+v)
2 0 0 0 G 0 O
0 0 0 0 0 Cu—Cuw 0 0 0O 0 G 0
_ 2 1| 0 0 0 0 0 G
E
— G=
Pl=lelle] e

This also implies infinite principal planes of symmetry. Note that 2
independent elastic constants corresponding to (E, v) are present.
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@ 2.2. Hooke's Law for Different Types of Materials

Isotropic Material

The compliance matrix reduces to

1 1% v 0 0 O
E E E
_ _ 1% 1 v 0 0 O
Su S Sw 0 0 0L 1" E "E
S12 Su S 0 0 0 v 1% 1 0 0 O
[S]: S, Si2 Su 0 0 0 _ "E E E
0 0 0 2(S,-S,) 0 0 0 0 01 0 0
0 0 O 0 2(S,-Sy,) 0 G
0 0 O 0 0 2(5,-Sp,)| | © 0 0 010
G
E 0 0 0 0 0 1
S=Sll0]  Stprs | 3

Note that 2 independent elastic constants (S,,, S;,) corresponding to
(E, v) are present.
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@ 2.2. Hooke's Law for Different Types of Materials

Summarize the number of nonzero constants and independent
elastic constants for various types of materials:

Three dimensional

Two dimensional

Material Type Number of |Independent| Numberof | Number of
nonzero Elastic nonzero independent
constants Constants constants constants
Anisotropic 36 21 9 6
Orthotropic 12 9 5 4
Transversely Isotropic 12 5 5 4
Isotropic 12 2 5 2

Department of Applied Mechanics
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Plane Stress Assumption ?

v' A thin plate is a prismatic member /

having a small thickness, and it is

the case for a typical lamina. If a

plate is thin and there are no out- .

of-plane loads, it can be considered
to be under plane stress.

v" A lamina is thin and, if no out-of-
plane loads are applied, one can

assume that it is under plane stress. !

v" This assumption then reduces the
three-dimensional stress—strain
equations to two-dimensional
stress—strain equations.

Plane stress conditions for a thin plate.
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Reduction of Hooke’s Law in 3D to 2D ,
- . . [ — T—» 0,
» A unidirectional lamina falls under the 1
orthotropic material category. -
» If the upper and lower surfaces of the o,
lamina are free from external loads, T
then 0;=0, t3;, =0, and 1,5 =0. g

» The strain—stress relationship for
orthotropic plane stress problem can J,
then be written as o,

(b)

€1 Si1 Sp 0 01
g0 | =S S, 0| a2 z
b
V12 0 0 Ses | | T12 Yy

= o= - - = - (©
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

» Inverting above equation gives the stress—strain relationship as

01 Q11 Q12 0 €1
Q12 sz 0 &2
112 0 0 Q66_ V12

0?2

where Q;; are the reduced stiffness elements, which are related to
the compliance elements as

S» S
Q,:= Q= -
" 8uS»—S% °  S,S»-Sh
S 1
Q22 = Q66_

_566

- S11522 — 5122 |
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Relationship of Compliance and Stiffness Matrix to Engineering

Apply pure axial load in direction 1

01 * 01 0?2 :O1 T12

€1

&2

712 |

Hooke’s law E; =

S11

S12
0

Department of Applied Mechanics

S12 0| o1
S,, 0 73

0 Ses| |22
o 1

&1 Ol

_ &2_ Su
Vp=——=——
€1 S11

Elastic Constants of a Lamina

2
G +— T—»l ——s O,
&1— S1101
—> &2= S1201
V12—
1
— S11=—
=
—> |Sp= 2
E:

Technical University of Liberec




@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Apply a pure axial load in direction 2 ] >
01=0, g,#0, 7,,=0 2
Lo
&1l Sll 812 O 9-{ &1— SlZ 02
g2| =|S12 Sy O|]| 2| —> €2=S2n02 l s,
_ylz_ B O O 866_ _/7f2’_ ylz_
V12 —_Va
1 S 2:__ 812_ T
E,=22= . —> Sn=— 1 E: E
€2 S E>
V21E_ﬂ:_& 5 Slzz_ﬂ Vi2 _ V21
g2 S E E. E.
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Apply a pure shear load in plane 1-2 12
01=0,06,=0, 7, %0 2
L,
1
&1 S11 S 0 oA =0 ™ i
g2 | = | S 822 0 ,7? —> o=
Y| | O O Ses|| 712 Y12=66 712
1 1
GlZ = E — —_ 866:—
Y12 Ses G,,
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Compliance Matrix

Department of Applied Mechanics

€1

€2

€1

&2

712

712

B15)

S12 0
S,, 0
0 Se
Yz
=4
10
=
0o 1
G,

0?2

T12

01

0?2

T12
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@ 2.3. Hooke's Law for a 2D Unidirectional Lamina

Reduced Stiffness Matrix

01 Q11 Q12 O oy

o2 | — Q12 Q 22 0 &2
2] | O 0 Qg | [ V2]
Q,= S2 2 / I E: vi2 E2 |
S11522 7 Stz L-vave 1= vamp 0
S o L
Q12: o S S = SZ o1 &
22 7~ 912
11 E oy | = V12 Ez E2 0 &
sz — Su 1- V21 V12 1 - V21 V12
S1S2— Stz | T12 | V12|
1 0 0 G
Q66 - 2
Ses i .
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Example 2.1

. T . 4 0,= -3 MPa
For a graphite/epoxy unidirectional : . = 4 Mpa
2=

lamina, find the following »

1. Compliance matrix
2. Minor Poisson’s ratio . 2

3. Reduced stiffness matrix ¢ Ll %, =2 MPa
4. Strains in the 1-2 coordinate

system if the applied stresses (Figure
2.1) are

5, =2 MPa, 5, = -3 MPa, t,, = 4 MPa.

v 0,

Use the properties of unidirectional
graphite/epoxy lamina from Table 2.1
(A.K. Kaw. Mechanics of Composite
Materials. 2" edition, Taylor &
Francis, 2006).

Applied stresses in a unidirectional
lamina in Example 2.1.
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Solution

From Table 2.1 (A.K. Kaw. Mechanics of Composite Materials. 2™ edition,
Taylor & Francis, 2006), the engineering elastic constants of the unidirectional
graphite/epoxy lamina are.

E, =181 GPa, E, =10.3 GPa, v, =0.28, G|, = 7.17 GPa.

1. The compliance matrix elements are

Sy = 1 = 1 5 =0.5525x10 " Pa
E, 181x10
312:—@:— 0.28 5 =-0.1547x10"*Pa™
E, 181x10
822: 1 - 1 9 20.9709X10_10Pa_1
E, 10.3x10
1 1 91
Ses— =0.1395%x10° Pa

G, 7.17x10°
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o cewe

2. The minor Poisson’s ratio is
_ Vo _

y 0.28
2B, 77 181x10°

3. The reduced stiffness matrix [Q] elements are

Q. = =
R TS
Q, = vie E2
Pl = v
Q, = E>
21—y v

Q66 — GlZ

[Q]=

181.8 2.897 0

2897 1035  0|(10°) Pa
0 7.17

x(lO.BxlOg) ~0.01593

Note that the reduced stiffness matrix [Q] could also be obtained by inverting

the compliance matrix [S].

Department of Applied Mechanics
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4. The strains in the 1-2 coordinate system are

g1l |Su S 0] o 15.69
c21=1S2 S, Ol oa|=|-294.4 (10-6)
V12 0 0 S 66 || 712 557-9_

Thus, the strains in the local axes are

¢ =15.69 £
m
g, =—294.4 X0
m
um
ylZ = 5579 F
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2.4. Hooke's Law for a 2D Angle Lamina

A laminate does not consist only of unidirectional laminae because of
their low stiffness and strength properties in the transverse direction.
Therefore, in most laminates, some laminae are placed at an angle. It is
necessary to develop the stress—strain relationship for an angle lamina.

The coordinate system used
for showing an angle lamina
is as given in the figure.

v" The axes in the 1-2
coordinate system are
called the local axes or the
material axes.

v" The axes in the x—y
coordinate system are
called the global axes or
the off-axes.

\
770

w

72274

Local and global axes of an angle lamina

Department of Applied Mechanics
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The global and local stresses in an angle lamina are

2.4. Hooke's Law for a 2D Angle Lamina

related to each other through the lamina angle, 0:

01

02
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—SC SC 2-§°

C

S

2
C

2
S

2

2

2
S

2
C

}

2
A

2
C

SC 'SC CZ-SZ

2SC
—2SC

-25C
2SC

O x

Oy

>

—>

Transformation of Stresses

01

Txy

Technical University of Liberec

c = cos(0), s = sin(0)

Notation

[T]

O x

Oy

where [T] 1s called the transformation matrix.




2.4. Hooke's Law for a 2D Angle Lamina

Transformation of Strains

The global and local strains are also related through the
transformation matrix:

o ¢’ s°  2sC Ex e Ex
g2|=| §° ¢& —2sC gy | mmp g2 |=[T] gy
_]/12/2_ -~ SC SC C2_82_ yxy/2 _7/12/2_ _7/xy/2_

4 ‘
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2.4. Hooke's Law for a 2D Angle Lamina

Expanding Global Strain-Local Strain Relationship

10 07 éx 10 0]]a
1 0 Ey :[T]_l 0 1 0 E?2
0 0 1/2 0 0 1/2
- __7/xy_ - - _)/12_
ex| TL 0 0] [10 017 & e "o
_ 1
ey| 50 1 OTI0 1 0 || el m | o |=[RITIPRI | &
0 0 2 0 0 1/2
] T B - - L712_ Yy | 712
L _ _ where [R] is the Reuter matrix and is defined as
E1 & x -1 0 O-
=) | o, |=[RITIR]| &, Rl=|0 1 0
| V12 ] A 0 0 2
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2.4. Hooke's Law for a 2D Angle Lamina

Global Stress and Strain Relationship

Ex &1 Ex O1

¢y | Z[RITTIRI? | & =[RIITI[RIV[S]| o2
Vs Vi | T12
i Sx_ _§11 §12 §16_ —O'x_
ey | =[RITT[RIISI[T] =S Sz Su||oy
Yy Ty | Vx| _§16 Sz §66_ | Txy
[S] RI[T][R][S][T] is the transformed compliance matrix.
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2.4. Hooke's Law for a 2D Angle Lamina

(Global Stress and Strain

X _§ g g ] X o |-
B e | | S |is the transformed
Ey|=|S12 Sz Sux|| o0y compliance matrix.
Vx| _§16 §26 §66_ | Txy
Sy = Suc’ +(25, + Ses) S°C°+ S8’ Notation

S1» = Siz (s* +c*)+ (Su + S —Ses)s’c, ¢ = cos(0), s = sin(0)
Sy = S1s *+(2S,,%Ses) s7CO+ St

Sie =(2 Su — 2 S1, = Ses) SCC—(2 S~ 2 S, — Ses) S°C,
Sis =(2Su —2S;, —Ses) S°C— (2 S — 2 S, — Ses) SC°
Ses = 2 (2511+2S,,—4S1,—Ses)s°C°+Ses(s*+c7)

Department of Applied Mechanics Technical University of Liberec



2.4. Hooke's Law for a 2D Angle Lamina

Transformed Reduced ] Q, Q, Q.
Stiffness Matrix [Q}

[Q=[TI"[QIRI[TIR]"

or [Q]=inv(S) Ty] [ Qp Qup Qe L7x_
Q, = Quc*+Q,,5°+2(Q,+2Qq.) s°¢c’,

Qp, = (Qu+Q,,—4Q)s” c®+Qy, (c'+5%),

Q, = (Qu—Q1,—2Q4) c*s—(Q,,—Q;,—2Q) s°c,

Q,, = Qus'+Q,c"+ 2(Q,+2Q,.) s°¢?,

Qs = (Qu—Q1,—2Qg) cs°—(Q,,—Q1,—2Q4e) ¢°s,

Q. = (Q+Q,,—20Q,,—2Q4) s’°c*+Qg (s* + ¢*)

Technical University of Liberec
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Example 2.2

Find the following for a 60° angle lamina (see figure below) of graphite/epoxy.
Use the properties of unidirectional graphite/epoxy lamina from Table 2.1 (A.K.
Kaw. Mechanics of Composite Materials. 2nd edition, Taylor & Francis, 2006).

Find the followings:

1. Transformed compliance matrix
2. Transformed reduced stiffness matrix
If the applied stress is

G, =2 MPa, 6, = -3 MPa, 1, = 4 MPa.

Xy

3. Global strains

4. Local strains —
5. Local stresses

6. Principal stresses

7. Maximum shear stress .
8. Principal strains

9. Maximum shear strain

G},=—3 MPa
'y
> 1:“=:11-MPa
V ‘
-
4
w O

¥
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Solution 1 1

Su= = 5
1. From Example 2.1 E: 181x10

=0.5525x10 " Pa*

v, 0.28 e 1
=——==- =—-0.1547x10""Pa
From Table 2.1 S12 E. 181x10°
E, = 181 GPa, Sp= o1 —=0.9709x10""Pa™
E, =10.3 GPa, E, 10.3x10
v, = 0.28, 1 1 ] )
G,,=7.17 GPa. Ses= =0.1395x10" Pa”

Gn 717x10°

The elements of the transformed compliance matrix are given (slide 46)
§,,=0.8053x107"°Pa™ §,=-0.7878x10"Pa™
§,,=-0.3234x10"Pa* 5,,=0.3475x10°Pa™
§,,=—0.4696x10""Pa™ §=0.1141x10"°Pa™’

Department of Applied Mechanics Technical University of Liberec
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2. Invert the transformed compliance matrix [S] to obtain the

transformed reduced stiffness matrix [Q]:

10.2365 0.3246 0.2005 |
0.3246 0.1094 0.5419
10.2005 0.5419 0.3674 |

[Ql=inv(S) =

(10" Pa

3. The global strains in the x—y plane are given

€ x

Ey

| Su Su
S1z2 S
' S16 S

Department of Applied Mechanics

Sis
S
Ses_

O x

Oy

. 0.5534x107*
~0.3078x10°

0.5328x10°°
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4. The local strains in the lamina are following in which ¢ = cos(60°),

s = sin(60°)

_ 81_ _
E2 | =

_7/12/2_ i

¢’ s’
SZ C2
_SC SC

2SC

5. The local stresses in the lamina are

01

2
C

2
S

—SC

Department of Applied Mechanics

2
S

2
C

SC

O x

Oy

&1

E2

- 0.1714x10’

V12 |

—0.2714 %10’

~0.4165x10’

Technical University of Liberec

- 0.1367x10™*
~0.2662x10°°
—0.5809x10°°

Pa
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6. The principal normal stresses are

o,+0, o, —O0, : ,
O i /min = > + > +7,, = 4217, —5.217MPa
The value of the angle at which the maximum normal stresses occur is
1 27,
6,==tan" Y |=29°
2 o,—0,

7. The maximum shear stress is given by

0,0, 2 2
T = 5 +z'xy:4.7l7|\/|Pa

Mmax

The angle at which the maximum shear stress occurs is

0, = Lant| -2
2 2T

Xy

=16°
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8. The principal strains are given by

2 2
E + & E,— &
e 5O L PSS Ty | J1.962%10¢ —4.486x10™
max/min 2 2 2

The value of the angle at which the maximum normal strains occur is

0 =%tan1£ Ty j:27.86°

P
£, —&,

9. The maximum shear strain is given by

Vimax = \/(gx — &y )2 +7/>fy = 6448)(10_4

The angle at which the maximum shear strain occurs is

g, —&

Hs=ltan‘1 —2 Y 1=-17.14°
2 Yy

53
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@ 2.5. Engineering Constants of an Angle Lamina

amina were related

The engineering constants for a unidirectional |

to the compliance and stiffness matrices.

1. For finding the engineering elastic moduli in

direction x, apply pure axial load in direction x :
1
Tz, Z Ty
o, #0,0,=0,7,, =0 7 '\TZ,'& ;
x| | S11 Si12 Sis| ox Ex— S110x

€y

V| LS16 S26 Ses]| T4 Y1y = S160x

Application of stresses to

. < Q ev=S,,0
S12 S22 Sz 97 » y 127X find engineering constants

of an angle lamina

Technical University of Liberec
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@ 2.5. Engineering Constants of an Angle Lamina

2. Similarly, apply pure axial load in directiony

o, = O,ay + O,rxy =0

Ex | gll §12 §16_

Ey |~ §12 §22 §26

Vxy _§16 S §66_

Oy _ 1
Ey_ - —
&y S,  Shear -
coupling
_ Ex _ 812
Vyx — = — =
€y S

Department of Applied Mechanics

24 Ex—S120Yy
oy B &y=Sxnoy
0 =
M yxy_SZGO-y
1 0y _ 1
m, nyEl S b
Vyx _ Vxy
E, E,
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Application of stresses to
find engineering constants

of an angle lamina
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@ 2.5. Engineering Constants of an Angle Lamina

3. Also, apply pure shear load in x-y plane

g, =O,0'y = O,Txy =0

ex| |Su Si Si

Ey | = Si2 Sz S
Uy _§16 S §66_
1 w1
mx gx El §16 El
RO

m, &y E, §26 E,

Department of Applied Mechanics

0)

Ex™ S16 Txy
»8)’: SZGTxy

yxy = S66 Txy

b4

A

+

pplication of stresses to

(Y 1 find engineering constants

56

of an angle lamina
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@ 2.5. Engineering Constants of an Angle Lamina

Stress-Strain Relationships for Angle Lamina

1

L o E,
Ex Su1 S12 Sis|| Ox Ex

—_— T~ Py Py _ VX

&y [T 312 izz 326 Oy » ey - —E—i
| Vx| LS16 Sz Ses | Txy_ Py

_ My

- E

i—_ — 4 2 2 2 4

- =S —SucC +( 312"'566)8 Ct+Sxs

:iC4+( 1 —ZV12jSZC2+iS4

= Gz Ei =

Yy Mk
= E.|
Ox

1 m
—— 4,

E, E:
| Txy_

_my 1

E: Gy_
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@ 2.5. Engineering Constants of an Angle Lamina

1 _ 1 2 1 1
——S» =S118"+(2S,,+ See) C° Sz+822C4:—S4+£— 2y jCZSZ"‘—C4
Ey = E: G E.

1 _
——— Ses :2(2 S1t2S,,—4S;,— 866)32C2+ Seo (S4+C4)

ny
:2( 2 + 2 +4V12 — 1 j52C2+i(S4+C4)

E. E;, E Gy 12

My— _§16 Ei=- E1[(2 S11— 251~ 366)5(33 - (2822 —2S3;— S66)33(:]

:E1|:£— 2 _2V12+ 1 jSC3+E 2 +2v12_ 1 )S3Ci|
E: E1 G E- E1 Gp

My=—556E1 == E1[(251- 2515~ Ses)s°C— (252~ 2515~ Ses)5 7]

:E1|:£— 2 _2V12+ 1 jSBC‘f{ 2 +2V12_ 1 jsc3:|
E: E1 Gop E- E1 G

58
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Example 2.3

Find the engineering constants of a 60° graphite/epoxy lamina. Use the
properties of a unidirectional graphite/epoxy lamina from Table 2.1 (A.K. Kaw.
Mechanics of Composite Materials. 2nd edition, Taylor & Francis, 2006).

Solution

From Example 2.2
8_11: 0.8053)(10_10 Pa_l 8_12: _0.7878X1O_1l Pa—l

§,s=—0.3234x10"Pa" 5,,=0.3475x10"°Pa™
S ,,=-0.4696x10"Pa™ §,,=0.1141x10°Pa™

The engineering elastic moduli in direction x

E. ”X:_l —12.42 GPa
Ex Sll
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by =—L=—212 - 0,09783
€ x S
L% 1 - 5 E-5854

m yxyEl S 16E1

X

The engineering elastic constants in direction y

1

E,=2 =—=28.78 GPa
€y S
O —
2o Do 1 m =5, =8.499
Irny yxyE SZ6E
The engineering elastic constant in plane x - y
T
Gy=—= 1 _g7616pPa
yxy 866
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Elastic modulus in direction-x as a Elastic modulus in direction-y as a

function of angle of lamina for a function of angle of lamina for a
graphite/epoxy lamina. graphite/epoxy lamina.
00 T T T T T T T T T T T T T T Eﬂﬂw T T [ T T | T T I T T I T T [ T T ]
150 |- — 150 —
@ 100 - - @ 100
wrt [ 1=
50— : 50-_
D_' TN S S S N S S S S T — 0 PR SR I TR TR [ TR T NN T [ T T I —
0 15 30 45 60 75 90 0 15 30 45 &0 75 90
Angle of lamina, 8 (degrees) Angle of lamina, 0 (degrees)

The variations of the Young’s modulus, E, and E, are inverses of each other.
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In-plane shear modulus in xy-
plane as a function of angle of

Poisson’s ratio v, as a function

of angle of lamina for a
graphite/epoxy lamina.

lamina for a graphite/epoxy

lamina.
0.3 T LI S B T T T — ll:l_l L L L T I
02 - 9l —
P C ]l = N ]
=
N 1 © i ]
[ J i ]
G—I [ N N TR N NN T SN NN SR SR SN N N ?-. ' ] ' | | | v 1y ]
0 15 30 45 60 75 90 0 15 30 45 (2] 75 90
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Angle of lamina, 8 (degrees)
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Angle of lamina, 8 (degrees)
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Shear coupling coefficient m, as  Shear coupling coefficient m, as

a function of angle of lamina a function of angle of lamina
for a graphite/epoxy lamina. for a graphite/epoxy lamina.
10— T U B ] o T T T T
s _ [ ﬂ
oL ] ol ]

I et ]
45— - 4 —
oL _ 2L .
0 PR TR N N S (N ST TR NN SR SN N TR SR R S \ {}_ (I TR A TR T N T SN NN TN SN N TR T SN T

] 15 30 45 60 75 90 0 15 30 45 (] 75 90
Angle of lamina, 8 (degrees) Angle of lamina, 8 (degrees)
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@ 2.6. Strength Failure Theories of an Angle Lamina

» A successful design of a structure requires efficient and safe use of
materials. Theories need to be developed to compare the state of stress
in a material to failure criteria. It should be noted that failure theories
are only stated and their application is validated by experiments.

For a laminate, the strength is related to the strength of each individual
lamina. Various theories have been developed for studying the failure of
an angle lamina. The theories are generally based on the normal and
shear strengths of a unidirectional lamina.

A simple failure theory for an isotropic material is based on finding the
principal normal stresses and the maximum shear stresses. These
maximum stresses, if greater than any of the corresponding ultimate
strengths, indicate failure in the material.

However, in a lamina, the failure theories are not based on principal
normal stresses and maximum shear stresses. Rather, they are based on
the stresses in the material or local axes because a lamina is orthotropic
and its properties are different at different angles.

Department of Applied Mechanics
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@ 2.6. Strength Failure Theories of an Angle Lamina

v’ The strengths or ultimate stresses are denoted throughout this lecture

as follows:
. _ . _ (@) (b) 2
(0'1 ) . ultimate longitudinal tensile stress, o o ot o ‘ 1
u 1 1 1
(af) . ultimate longitudinal compressive stress,
S _ © 4ol @ pf© )
(02 ) - ultimate transverse tensile stress, —
u
(6 ) ultimate transverse compressive stress, l T l !
u T 7, -
(z' ) . ultimate in — plane shear stress.
12 /it

(& ), : ultimate longitudinal tensile strain,
v' The ultimate strains are .

C . . . . . .
also denoted as follows:  \& )ult . ultimate longitudinal compressive strain,

. ultimate transverse tensile strain,
. ultimate transverse compressive strain,
. ultimate in — plane shear strain.
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@ 2.6. Strength Failure Theories of an Angle Lamina

v" Failure theories for composite lamina can be classified into three
distinct groups.

e Non-interactive or limit theories: Here, failure modes are predicted by
comparing individual stresses or strains respective to their ultimate stresses
and strains. However, such theories do not take into account the interaction
among different stress components. Examples of such theories are
maximum stress criteria, and maximum strain criteria.

e Interactive theories: These theories go a step further than limit theories, and
account for interaction between various stress/strain components. Examples
of such theories are those of Tsai-Wu and Tsai-Hill. They are able to predict
overall failure, but cannot predict the exact failure mode.

e Failure mode based theories: These theories provide separate criteria for

failure of matrix, fiber and interface. Examples of such theories are those of
Puck, and Hashim-Rotem.

v" In this course, we are going to discuss four theories including
maximum stress, maximum strain, Tsai-Hill, and Tsai-Wu.
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@ 2.6. Strength Failure Theories of an Angle Lamina

2.6.1 Maximum Stress Failure Theory

v" This theory is similar to the maximum normal stress theory by Rankine
and the maximum shear stress theory by Tresca.

v" Failure is predicted in a lamina, if any of the normal or shear stresses in
the local axes of a lamina is equal to or exceeds the corresponding
ultimate strengths of the unidirectional lamina.

v" This theory is written mathematically and stated as follows: A lamina is
considered to be failed if

C T
— I
(O-l )ult < O-l < (O-l )ult 0

_(GZC )ult <0, <(O-2T) or

ult :

(7 ), <72 <(72),,
IS violated.

v" Note that all five strength parameters are treated as positive numbers, and
the normal stresses are positive if tensile and negative if compressive.

(2.6.1)
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@ 2.6. Strength Failure Theories of an Angle Lamina

v" The failure envelope for this theory under biaxial normal loading
Is clearly illustrated in Figure 2.6.1. The advantage of this theory
IS that it Is simple to use but the major disadvantage is that there
IS NO Interaction between the stress components.

o,

(o7),

A
/ No failure

(9% )

Figure 2.6.1. Failure envelope for the maximum stress failure theory
under biaxial normal loading.

(22),
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@ 2.6. Strength Failure Theories of an Angle Lamina

Strength Ratio

» In a failure theory such as the maximum stress failure theory of
Section 2.6.1, 1t can be determined whether a lamina has failed 1f any
of the inequalities of Equation (2.6.1) are violated. However, this does
not give the information about how much the load can be increased 1f
the lamina is safe or how much the load should be decreased if the
lamina has failed. The definition of strength ratio (SR) 1s helpful here.
The strength ratio 1s defined as

~ Maximum Load Which Can Be Applied
Load Applied

» The concept of strength ratio is applicable to any failure theory. If
SR>1, then the lamina 1is safe and the applied stress can be increased
by a factor of SR. If SR<I, the lamina 1s unsafe and the applied stress
needs to be reduced by a factor of SR. A value of SR = 1 implies the
failure load.

SR
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@ 2.6. Strength Failure Theories of an Angle Lamina

2.6.2 Maximum Strain Failure Theory

v" This theory is based on the maximum normal strain theory by St.
Venant and the maximum shear strain theory by Tresca.

v" The strains applied to a lamina are resolved to strains in the local axes.

v" Failure is predicted in a lamina, if any of the normal or shear strains in
the local axes of a lamina equal to or exceed the corresponding ultimate
strains of the unidirectional lamina.

v" A lamina is considered to be failed if

(&), <&a<(&) . or
~(&7),, <a<(el),, or (2.6.2)
B [7/12 )ult <V < (7/12)

ult

1s violated.
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@ 2.6. Strength Failure Theories of an Angle Lamina

v" The ultimate strains can be found directly from the ultimate
strength parameters and the elastic moduli. Assuming the stress—
strain response is linear until failure, we have the following
relations between the strains and the stresses in the longitudinal
direction as well as in the transverse direction:

(O-lT )ult =0, = V1,0, 192 Oy V1,0, = (O'lT )ult

T B 01~ V120'2 (‘71 )un Oy =V0, = (O-ZT )ult
o ult 927 Va9 °;

/ ofan(ca )%

C
—-V,,0. (U )
2101 = 2 Jult

v The advantage of
this theory is simple (01 /
to use but the major
disadvantage is no , /
Interaction between

2It

the strain Figure 2.6.2. Fallure envelope for the maximum
components. strain failure theory under biaxial normal loading.
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@ 2.6. Strength Failure Theories of an Angle Lamina

2.6.3 Tsai—Hill Failure Theory

v" This theory is based on the distortion energy failure theory of
\Von-Mises’ distortional energy yield criterion. For 2D state of
stress, the von Mises yield criterion has the form

2 2 .

v" Hill modified this criterion for the case of ductile metals with anisotropy
Ac! +Bo; +Co,0, + Dl =1
v" Based on the distortion energy theory, Tsai and Hill proposed that a
lamina has failed if

(62 +G, ) 012 + (G1 +G, ) 0'22 + (G1 +G, )G:f —-2G,0,0,
-2G,0,0, - 2G,0,0, + 2G,r2, + 2G. 15 + 2G, 1., <1

IS violated.

v" The components G, G,, G;, G,, G;, and G, of the strength criterion
depend on the failure strengths

(2.6.3)
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@ 2.6. Strength Failure Theories of an Angle Lamina

v' The components G,, G,, G, G,, G;, and G, are found as follows

1. Apply o =( )u to a unidirectional lamina, then the lamina will fail.

Hence, Equation (2.6.3) reduces to: (G +G )( )2It =1 (2.6.4)
2 - (2.6.5)

2. Apply o, =(02T )ult : (G, +G )(o-T )ult =1

3. Apply o, = (02 ) and assuming that the normal tergsﬂe failure strength
is the same in direction (2) and (3): (G, +G )( )ult =1 (2.6.6)

4. Apply 7, =(7,),, : 2G4 (25, )uIt =1 (2.6.7)

v" From Equation (2.6.4) to Equation (2.6.7), we obtain

G_l|: 2 1 }G_l 1 }G_l|: 1 :|G_l 1 (268)
1— A - 1 27 A 1 3T A 1 6 A y 0.
2 (U;)jlt (UI)En 2 (UI)EM 2 (Gl)jlt 2 _(2-12 )zlt _

v’ Because the unidirectional lamina is assumed to be under plane
stress —that is, 0; = T3, = 1,3 = 0, then Equation (2.6.3) reduces to

?_'1 B 0#02 + ?2 4| T2 <1 (2.6.9)
|:(0'1)u|t:| |:(Gl )ult:| |:(02)ult:| |:(T12)ult:|

Technical University of Liberec
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@ 2.6. Strength Failure Theories of an Angle Lamina

v" The advantage of this theory g,
is that there is interaction (GT)
2
between the stress ) ult
components. However, this / :
g / No failure
theory does not distinguish y .

e gt RGP W

not as simple to use as the (O_c)

. 2
maximum stress theory or ult
the maximum strain theory.

Figure 2.6.3. Failure envelope
for the Tsai-Hill failure theory.
— —2 — -2 r -2

01 | 002 |, |_02 4| _ T <1

_(O'I )ult | _(O-lT )5“ _ _(O-g )ult _ _(T12 )ult .
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@ 2.6. Strength Failure Theories of an Angle Lamina

Modified Tsai—Hill failure theory

v’ Tsai—Hill failure theory underestimates the failure stress because
the transverse tensile strength of a unidirectional lamina is
generally much less than its transverse compressive strength.

v The compressive strengths are not used in the Tsai—Hill failure
theory, but it can be modified to use corresponding tensile or
compressive strengths in the failure theory as follows

EAR(EA (3 R R

where

Xlz(af)ult,if01>0 XZ:( )ult,|fo-2>0 Y = ( )ult,|f02>0
:(Glc)ult’if o, <0 =(O'1 )u,t,lf o, <0 Z(G )ult’lf o, <0

S:(1-12)ult
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@ 2.6. Strength Failure Theories of an Angle Lamina

Advantages and Drawbacks of Tsai—Hill Failure Theory

» Unlike the Maximum Strain and Maximum Stress Failure Theories,
the Tsai-Hill failure theory considers the interaction among the three
unidirectional lamina strength parameters.

» The Tsai-Hill Failure Theory does not distinguish between the
compressive and tensile strengths in 1ts equation. This can result in
underestimation of the maximum loads that can be applied when
compared to other failure theories.

» The Tsai—Hill failure theory is a unified theory and thus does not give
the mode of failure like the maximum stress and maximum strain
failure theories do. However, one can make a reasonable Tuess of the

failure mode by calculating |5,/ (gI )ult ,‘0‘2/ (ag )u,t‘,and t12/ (712 )ult
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@ 2.6. Strength Failure Theories of an Angle Lamina
2.6.4 Tsai-Wu Failure Theory

v The Tsai-Wu failure theory is based on polynomial function:

H.o + HijO'iO'j =1

where H; and H;; are strength tensors of second-, and fourth- order
strength tensor, and i,j=1,2, ..., 6.

v" Tsai-Wu applied the failure theory to a lamina in plane stress. In this
theory, failure is assumed to occur in the lamina if the following
condition is satisfied:

Ho +H,o0, +Hgz, + H110'12 + H220'22 + H667122 +2H,0,0, <1 (2.6.11)

v" This failure theory is more general than the Tsai—Hill failure theory

because it distinguishes between the compressive and tensile strengths
of a lamina.

v" The components H,, H,, Hg, Hy;, H,,, and Hg, of the failure theory are
found using the five strength parameters of a unidirectional lamina.
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@ 2.6. Strength Failure Theories of an Angle Lamina

v' The components H,, H,, H¢, H,,, H,,, and H,. are found as follows

1. Apply o; =(01T )ult to a unidirectional lamina, then the lamina will fail.
Hence, Equation (2.6.11) reduces to: 1 1

Hl (O-I )ult * Hll(o-ir )jlt =1 (2612) Hl_ (O-I )ult (O-:LC )ult |

1
2. Apply al:—(af)ult:—Hl(o-f)ult+H11(af)2 =1(2.6.13) H11=( D (of)
ult ult

ult 01 01

+Hy (07 ), =1(26.14) H,= 1 ¢

(02) s (o8),
1

=1(2.6.15) H»= (0_12-) (0_%)
ult ult

_1(26.16) H,=0,
1
=1 (2617) H66_ (le )2 .

ult

3. Apply o, =(07), : H.(o7)

ult

2

4. Apply o, = (02 )ult. , ( )u“ +H,, (a

Ju
¢

+
L

5. Apply 7, = (le)ult: 6( )U"

ult

66 (72
6. Apply 7, = (72 ), 0 —H, (7,) +Heg (25)

ult ult
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@ 2.6. Strength Failure Theories of an Angle Lamina

v' The components H,, is found as follows

The component H,, can be found experimentally by knowing a biaxial
stress at which the lamina fails. Experimental methods to find H,, :

1. Apply equal tensile loads along the two material axes in a unidirectional
composite. If o, = 0, = 0, T,, = 0 is the load at which the lamina fails, then

(H1+H2)0'+(H11+H22+2H12)0'2:1- (2.6.18)
The solution of the Equation (2.6.18) gives:

1
Hi :272[1'(H1+ H2)o—(Hu+Hz)o? || (2:6.19)

It is not necessary to pick tensile loads in the preceding biaxial test, but
one may apply any combination of

o, =0, 0, =0, 0, =-0, 0, =0, This will give four

o, =0, 0,=—0, 0, =-0,0,=0, different values of H,,

Moreover, direct biaxial testing is not easy or practical to perform.
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@ 2.6. Strength Failure Theories of an Angle Lamina

v' The components H,, is found as follows

2. An easier test producing a biaxial
state of stress is the off-axis tensile

test, that is, uniaxial loading or atan o
angle 0 to the fiber direction on the

1-2 plane. For example 0 = 45°, if
uniaxial stress is o, = o, then,

Substituting the preceding local stresses in Equation (2.6.11),
2

(H1+H2)%+%(H11+H22+H66+2H12):1’ (2.6.21)
2 + 1

H., = 2_(H1 Hz)——(H11+H22+H66)- (2.6.22)
o o 2
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@ 2.6. Strength Failure Theories of an Angle Lamina

Some empirical suggestions for finding the value of H,,

1

Hy, = as per Tsai-Hill failure theory

261 )y

1

— _ as per Hoffman criterion (2.6.23a-c)
12 A T C
(0'1 )ult 01 )ult

1 1 . L
= as per Mises-Hencky criterion

H
e 2 (O'-lr )ult (O'f )ult (0'-5 )ult (0-(2: )U|t
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@ 2.6. Strength Failure Theories of an Angle Lamina

v The advantage of this theory is that there is interaction between
the stress components and the theory does distinguish between
the tensile and compressive strengths. A major disadvantage of
this theory is that it is not simple to use.

Maximum Stress Theory

A 02 A ()'2 ————— Ma.xirr?um Strain Theory
-—— Tsai-Hill Theory
T —_
(0-2 ) T Tsai-Wu Theory
1t ==
Jult, —

aiIure ] (Glc)u';,//// / ’-
(7). /ﬂf ), O \/K ‘ ///};%fa%//

——
-
-

uIt

Figure 2.6.4. Failure envelope  Figure 2.6.5. Comparlson between
for the Tsai-Wu failure theory. the four failure envelopes.
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2.7. Comparison of Failure Theories

v’ Tsai compared the results from various failure theories to some
experimental results. He considered an angle lamina subjected to a
uniaxial load in the x-direction, o,, as shown in Figure 2.7.1.

v’ The failure stresses were
obtained experimentally for
tensile and compressive

GX
stresses for various angles of =—
the lamina.
o, = 0,C0S°6,
o, =0,8in°0, Figure 2.7.1. Off-axis loading
7, = —0,£05605in0 in the x-direction.
X

v’ Using the preceding local strains and stresses in the four failure
theories given by Eq. (2.6.1), Eq. (2.6.2), Eq. (2.6.9), and Eq.
(2.6.11), one can find the ultimate off-axis load, o,, that can be
applied as a function of the lamina angle.
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2.7. Comparison of Failure Theories

Experimental Results and Maximum Stress Failure Theory

c - 160
~(o7) <o,<(a]) , or &
ult ult 140 -
—(O';:) <o, < (O';-) or 120 - Maximum Stress Failure Theory
ult ult
100 -
~(7) <7, <(72) 5
( 12 e 712 12 Jurt < 80 1
B 60 - Experimental Data Points
40 - Cusp corresponds to the change in failure modes
20 -
0 © S; <
0 30 60 90

Angle of Lamina,6 (Degrees)

Figure 2.7.2. Maximum normal tensile stress in the x-direction as a
function of angle of lamina using maximum stress failure theory.
(Experimental data reprinted with permission from Tsai et al. [21])
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2.7. Comparison of Failure Theories

Experimental Results and Maximum Strain Failure Theory

Experimental Data Points

/ Maximum Strain Failure Theory

Cusp corresponds to the/Aange in failure modes

S )

20 40 60 80 100
Angle of Lamina,6 (Degrees)

Figure 2.7.3. Maximum normal tensile stress in the x-direction as a
function of angle of lamina using maximum strain failure theory.
(Experimental data reprinted with permission from Tsai et al. [21])
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2.7. Comparison of Failure Theories

Experimental Results and Tsai-Hill Failure Theory

2

0102

+

2o

+ T12

2

<1

2
(O-I )ult

150

|\ Tsai-Hill Failure Theory

|

100

o, (ksi)

Figure 2.7.4. Maximum _
normal tensile stress in 0T
the x-direction as a

Experimental Data Points

function of angle of
lamina using Tsai—Hill 0
failure theory.

Angle of Lamina,6 (Degrees)
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2.7. Comparison of Failure Theories

Experimental Results and Tsai-Wu Failure Theory

2 2 2
Ho,+H,0,+H.z,+H,0, +H,0, +H,7, +2H,0,0, <1

Tsai-Wu Failure Theory

100-/

o, (ksi)

Figure 2.7.5. Maximum
normal tensile stress in
the x-direction as a

Experimental Data Points

function of angle of N NN ——0
lamina using Tsai—Wu 0 15 30 45 60 75 90
failure theo ry. Angle of Lamina,6 (Degrees)
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@

Using four failure theories (maximum stress, maximum strain, Tsai-Hill,
and Tsai-Wu) to find the maximum value of S > 0 if a stress 0, = 2S, 0, =
—3S, and 1,, = 4S are applied to a 60° lamina of graphite/epoxy. The
properties of a unidirectional graphite/epoxy lamina are given below.

Application of Failure Theory

(o7 ), =1500 MPa £ =181 GPa,
(o7 ) =1500 MPa  E,=10.3 GPa,
(07) =40MPa V12 =0-28,

i G,,=7.17 GPa.
(o7 ), =246 MPa 12
(72,) =68 MPa

o, =25
<

1 o, =-38

> 1,.,~4S

7

Ty— 4

v
84
®

v Gy =-3S

1. First step is to calculate the stresses/strains in the material principal
directions. This can be done by transformation of stresses from the global

coordinates to local material coordinates of the ply.

2. Second step is to apply the failure criteria in the material coordinate system.
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1. Maximum Stress Failure Theory

The global and local stresses in an angle lamina are related to each other

through the angle of the lamina, 0 = 60°: ¢ = cos8, s = sinB

Using the inequalities (2.6.1) of maximum stress failure theory, we obtain
~875.1(10°) < S < 875.1(10°),

o1 ¢t st 2SC || gy o1
o2 |=| s° ¢° —2sC oy| = 02
| T12 ] __SC SC CZ'SZ_ | Txy | | T12 |
o, =1.714S, o, =-2.714S, 7, =-4.165S

~1500(10°%) <1.714S <1500(10°),
—246(10°) < —2.714S < 40(10°%), or
—68(10°) < —4.165S < 68(10°).

[ 0.250 0.750
0.750 0.250

0433 0.433

maximum stress that can be applied before failure is:

Department of Applied Mechanics

o, =32.66 MPa, o, =-48.99 MPa, 7,, =65.32 MPa.

Technical University of Liberec

0.866
—0.866

0.500 |

~14.73(10°%) < S < 90.64(10°),
~16.33(10°%) < S <16.33(10°).

All the inequality conditions (and S > 0) are satisfied if 0<S <16.33MPa.
The above inequalities also show that the angle lamina will fail in shear. The
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2. Maximum Strain Failure Theory

The local stresses in an angle lamina are:
o, =1.714S, o, = -2.714S, 7, = —4.165S

The strains in the local axes are: R T
Sll__ile___
&1 o1 Su S 0 4 E: E:
€2 :[S] 02 [S]: Sz Sz 0 S :i-s =_Ya.g :i
ylz T12 0 O 866 L a EZ’ . EZ, ® G12
[ o] [05525x107 0.1547x10 ™™ O] 1.714] | 0.1367x107" |
e, |=10.1547x10* 0.9709x10™ 0|l -2.714 |S =| —0.2662x107? | S.
el | 0 0 0.1395x10°| —4.165| | -0.5809x10°|
T 6
The ultimate failure strains are: (&) = (o) = 1500)(1% =8.287x107,
(0}),, _ 40510° =
Ty — \92)y _ x10" _ -3 o1 1500x10°
— — —3.883 ey Z\TT )y _ 3
(82)”" E, 10.3x10° A0 (ed),, E, 181x10° 8.287>10°

(712 )ult _ 68x10°

Gu  TATx1g 0"

(o7 ) 246x10° .
(gg)ult = 2E2 = 103>:<109 = 2388X10 2’ (7/12 )ult
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Using the inequalities (2.6.2) of the maximum strain failure
theory, we obtain

—8.287x10°<0.1367x107S <8.287 %103, —606.2x10°< S <606.2x10°,
—2.388x10%<—-0.2662%x107° <3.883x10°°, Or —14.58%x10°< S <89.71x10°,
—9.483%x10%< -0.5809%x107°S <9.483x10°3, —16.33%x10°< S <16.33x10°,

which give: 0 < S <16.33MPa

v" The maximum value of S before failure is 16.33 MPa. The same
maximum value of S = 16.33 MPa is also found using maximum
stress failure theory. There is no difference between the two
values because the mode of failure is shear.

v" However, if the mode of failure were other than shear, a
difference in the prediction of failure loads would have been
present due to the Poisson’s ratio effect, which couples the
normal strains and stresses in the local axes.
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3. Tsai-Hill failure theory

The local stresses in an angle lamina are:
o, =1.714S, 0, =-2.714S, 7, =—4.165S

Using the Tsai-Hill failure theory from Equation (2.6.9), we obtain:
{ 1.714S T {1.7143 ><(—2.714S)} {—2.7143 } i {—4.1658 } i
— + + <1

1500 x10° (1500 x10°)? 40x10° 68x10°

which give: S <10.94 MPa (O.g)
ult
Using modified Tsai—Hill failure theory given by Eq. (2.6.10), we obtain:

{ 1.714S T_[ 1.714S }[ —2.714S }_{—2.7148}2_'_[—4.1658}2 .
1500x10° | [ 1500x10° || 1500x10° | | 246x10° | | 68x10°

which give: S <16.06 MPa (ng)
ult

The Tsai—Hill failure theory is a unified theory and does not give the mode
of failure like the maximum stress and maximum strain failure theories do.
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4. Tsai-Wu failure theory

The local stresses in an angle lamina are:
o, =1.714S, o, =-2.714S, 1,, =—4.165S

The components H,, H,, H;, H,;, H,,, and H. are found as follows:

1 1 1 1

_OPa-11 H = -
2 40x10° 246x1Q°

o ~ _ — 2.093x10° pa’t
1 T 1500x10°  1500x10° 10" Pa

1

H, = = 4.4444x10p3a 3,
1~ (1500 10°)(1500x10°) 0"Pa

H,=0pPa™,

Hy, = = ~1.0162x10Pa?, Hyo = ——
2 (40x10°)(246x10°) ’ (68x10°)°

=2.1626x10*pa>,

Using the Mises—Hencky criterion for evaluation of H,,, (Eq. 2.6.23c):
1

H,, =-0.5[ (4.4444x10™)(1.0162x10™) |* = -3.360x10™*Pa™.
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Substituting these values in inequality (2.6.11), we obtain:

(0)(1.714S)+(2.093x10°)(-2.714S ) +(0)(-4.165S)

+(4.4444x107°)(1.714S )’ +(1.0162 x10°)(-2.714S )’

+(2.1626x107°)(4.1658 )" +2(-3.360x10"°) (1.714S ) (-2.714S ) <1,
which give: S <22.39MPa

Using other two empirical criteria for H,, as per Equation (2.6.23), we
obtain:

S <22.49MPa for H,, =-— ]; — as per Tsai-Hill failure theory
2(01 )ult

S <22.49MPa forH,, = YOs; . as per Hoffman criterion
(O-l )ult (0-1 )ult
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The value of S for four failure theories for the same stress-state is:

S =16.33 (Maximum Stress failure theory),
=16.33 (Maximum Strain failure theory),
=10.94 (Tsai-Hill failure theory),
=16.06 (Modified Tsai-Hill failure theory),
=22.39 (Tsai-Wu failure theory)

G—3S

> 1.~ 4S
V i
G, =2S / G, =2S
D /—-—-»
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@ 2.8. Hygrothermal Stresses and Strains in a Lamina

> For a unidirectional lamina

E1 S11 S 0
S12 S 0
V12 0 0 Ses |

E?2

Thermally induced strains:

Moisture induced strains:

Department of Applied Mechanics

O1

(2.8.1)

(2.8.2)

(2.8.3)
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@ 2.8. Hygrothermal Stresses and Strains in a Lamina

> For a unidirectional lamina

I 81_ _311 S12 gl 0'1_ 3I gf
2.8.4
g2 | =S S Ol|g2| T 8£ + 8(2: ( )
V|| 0 0 See | | T12 | I 0_ i O_
I 0'1_ _Q11 Q12 0 €1 - EI ) 35
0?2 — le Q22 0 &2 ~ 812- - 8% (2.8.5)
2| | O 0 Qg I Y12
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@ 2.8. Hygrothermal Stresses and Strains in a Lamina

» For an angular lamina

ex| [Su Su Si

Ey | — §12 §22 §26

Vxy _§16 §26 §66_

Thermally induced strains:

Moisture induced strains:

Department of Applied Mechanics

1 1l e
o] g ] 4 (2.8.6)
™l | | 7]
A (e
gy [FAT| ay (2.8.7)
Yw| LW
Ex _,BX_
«l=ac| 5, (2.8.8)
_7§y_ By
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@ 2.8. Hygrothermal Stresses and Strains in a Lamina

» For an angular lamina - . L

O x (041
Transformation of CTE ay | =T 1 | e (2.8.9)
_Ony/2_ _ O_
ﬂx _ﬂl—
Transformation of Coefficients T
. . By |=LT 17| B,
of Moisture Expansion
ﬂxy /2 L O_
(2 ¢ —2sC] [ 2 2 2sc|
1 o c=Cos(84)
T =47 2 = -2 :
[T] s ¢®  2sC [T1=| s° ¢ SC s=Sin ()
SC —SC (?—g° -SC SC ¢°-g°
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Homework of chapter 2

2.1. Consider an orthotropic material with  Find:
the stiffness matrix given by 1. The stresses in the principal directions of symmetry if

[_0.67308 -1.8269 -10577 0 O O the strains in the principal directions of symmetry at a
_18269 -067308 -14423 0 0 O point in the material are g, = 1 um/m, €, =3 um/m, &,
~1.0577 -1.4423 048077 0 0 O =2 um/m; v,3=0, v3; =5 pum/m, y5, = 6 pm/m

[C]= 0 0 0 4 0 0 GPa 5 The compliance matrix [S]
0 0 0 0 2 0 3. The engineering constants E,, E,, E5, V15, V53, V31, Gy,

0 0 0 00 15 Ga3) Ga

2.2. For a 60° angle lamina of boron/epoxy under stresses in global axes as o, = 4 MPa, 6, = 2 MPa, and
T,y = —3 MPa. The engineering elastic constants of the lamina are E; = 204 GPa, E, = 18.5 GPa, v,, = 0.23,
G,, = 5.59 GPa. Find the following

1. Global strains

2. Local stresses and strains

3. Principal normal stresses and principal normal strains

4. Maximum shear stress and maximum shear strain

5. The six engineering constants in global axes (E,, E,, m,, m,, v, ny).

2.3. Find the maximum biaxial stress, o, = -0, 0, = —0, 6 > 0, that one can apply to a 60° lamina of
graphite/epoxy. The mechanical properties of a unidirectional graphite/epoxy lamina are found from
Table 2.1 (Book of Autar K. Kaw, 2006). Use maximum strain and Tsai—Wu failure theories.

2.4. Find the off-axis shear strength and mode of failure of a 60° boron/epoxy lamina. Use the
properties of a unidirectional boron/epoxy lamina from Table 2.1 (Book of Autar K. Kaw, 2006). Apply
the maximum stress failure, maximum strain, Tsai—Hill, and Tsai—Wu failure theories.
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